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Lecture 8: Chaos



Lecture 8 overview
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• We will investigate the behaviour of these maps graphically 
 using cobweb plots 

• Now we shift attention away from differential equations 
 and consider discrete time systems or maps: 

• Unlike 1-D differential systems, the discrete 1-D map can exhibit 
 the phenomenon of chaos; a few mathematical techniques will help 
 analyze such systems 

• Finally we return to differential systems, examining the
 chaotic Lorenz equations and identifying a strange attractor 



Analysis of fixed points of maps
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Stability of fixed points
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Cobweb diagrams
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• Cobweb diagrams represent graphically the iterates of a map 

• Given map 𝑥𝑘+1 = 𝐹(𝑥𝑘), use 
 the following procedure:

1. Go to position 𝑥𝑘  on the
 horizontal axis

2. Draw a vertical line 
 up to 𝑦 = 𝐹 𝑥𝑘

3. Draw a horizontal to 
 𝑦 = 𝑥 and set 𝑥𝑘+1 = 𝐹(𝑥𝑘)

4. Repeat to get 𝑥𝑘+2, etc.
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Example: cosine map

6

Cobweb diagrams for two different starting points:

Consider 𝑥𝑘+1 = cos 𝑥𝑘

The iteration converges to a 
fixed point: 𝑥∗ = cos 𝑥∗

≈ 0.739



The logistic map
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Logistic map cobweb diagrams

8

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0



Logistic map simulations
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Behaviour of the logistic map
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Periodicity of the logistic map
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Orbit diagrams
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Orbit diagram for the logistic map
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Notice the bifurcations and doubling, as well as the descent into aperiodicity  

𝑟

𝑥



Chaos
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Lyapunov exponent
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Determining Lyapunov exponents
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Lyapunov exponents for the logistic map
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Chaos in flows
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Volume contraction in the Lorenz equations
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Lorenz equations: stability 1
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Lorenz equations: stability 2
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Strange attractor
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Lorenz equations: strange attractor
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The Mandelbrot set
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The Mandelbrot set



Questions?
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1. Introduction to Dynamical Systems. Examples from different fields. Maps, flows 
and questions of interest. A geometric way of thinking about ODEs. 

2. Phase space, equilibria. Stability and linearized stability. Saddles, nodes, foci and 
centres. 

3. The stable, unstable and centre subspaces. Hartman-Grobman theorem. 

4. Lyapunov functions. Gradient and Hamiltonian Systems. Vector fields possessing an 
integral. 

5. Invariance. La Salle’s principle. Domains of attraction. Poincaré-Bendixson theorem

6. Limit sets, attractors, periodic orbits, limit cycles. Index theory. Poincaré maps. 

7. Saddle-node, transcritical, pitchfork bifurcations. Hopf bifurcations. 

8. Logistic map. Chaos. Lorenz equations. 
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